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We are developing materials for classroom teaching about the quantum behavior of photons in beam
splitters as part of a project to create five experiments that use correlated photons to exhibit
nonclassical quantum effects vividly and directly. Pedagogical support of student understanding of
these experiments requires modification of the usual quantum mechanics course in ways that are
illustrated by the treatment of the beam splitter presented here200®American Association of Physics
Teachers.
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[. INTRODUCTION pletely nonclassical output that can be produced with two-
photon states which can be made with our apparatus.
By using recent advances in the production and detection
of correlated photons, we are developing a sequence of fivg. BEAM SPLITTER EXPERIMENTS
experiments for undergraduates to demonstrate important as-
pects of quantum superposition. Doing these experimentd. Underlying technology needs

will prepare students to understand issues of quantum Cryp- s of the experiments require correlated pairs of photons
tograph_y, quantum computing, ar_1d quantum teleportation, g i ejr inputs. The possibility of doing any of our planned
More directly, the experiments will show that the photon g, neriments depends on the capability to generate, select,
exists, that a photon interferes with itself, that small modifi-5nq detect such photon pairs. Two devices, the down con-
cations of the observing apparatus can erase and restore Wister and the avalanche photodiode, provide the technology
terference, and that there exist other kinds of photon interthat makes our experiments feasible.
ference than the one-photon sort. The apparatus will also be Correlated pairs can be created with a down converter, a
used to exhibit the nonlocal nature of quantum mechanics byrystal specially cut to exploit its birefringence and its non-
showing the violation of Bell's inequalities. Chiao, Kwiat, |inear properties so that a single entering photon, in the deep
and Steinberg have written an excellent review of these angjue or ultraviolet, results in the output of two lower energy
related experimentsMore information is also available on photons. The conversion efficiency of 16—10 1% is very
our website’ _ _ . low. Therefore, it is necessary to use a laser that can supply
Because we think that these experiments will make thenough input photons to compensate for this low efficiency
unusual and unintuitive features of quantum mechanics tarand also for inefficiencies in the selection of special pairs
gible and vivid, we want to include them in our introductory from among those generated_ A laser with a power of the
quantum mechanics courgeost recently taught from Grif- order of 100 mW is neededAt 450 nm, 100 mW corre-
fiths’ texls). HOWeVer, for the eXperimentS to be meaningful,sponds to 2. 1017 photons/s)_ The outgoing two photons
we will need to expand the material on state vectors, studyre correlated in time because they are produced at the same
extensively the two-state system, go more deeply into thénstant; they are correlated in momentum and in frequency
linear algebra needed to describe transformations of Sta@ the conservation |aws; and with proper choice of CrystaL
vectors by experimental apparatus, and show how superperystal orientation, and spatial filters, their polarization states
sition leads not just to conventional interference but also t@Gan be correlated. Any of these correlation properties can be
entanglement and interference of correlated pairs. Room fahe basis of coincidence experiments that dramatically ex-
this additional material will probably be at the expense ofhibit the quantum nature of light.
wave functions and the hydrogen atom. Hence, the success-Even with 100 mW there are no photon pairs to waste, and
ful incorporation of our experiments into undergraduateit is necessary to detect coincidences with as much efficiency
quantum mechanics implies a substantial revision of theas possible. Avalanche photodiodes are extremely sensitive
usual syllabus. detectors that can register single photons with efficiencies as
This paper analyzes a beam splitter to show the kind ohigh as 80%. Their use makes it possible to measure coinci-
change we have in mind for our syllabus. We omit discussiordences of correlated pairs and accumulate statistically sig-
of the quantum eraskrand the violation of Bell's nificant numbers of counts within the duration of a typical
inequalitie§® even though the last experiment will be the undergraduate laboratofy.
climax of our program. We concentrate on three experiments
for which the beam splitter is a key part. We show how tog The experiments: The photon exists
use linear algebra to describe the operation of a beam splitter,
an approach that we believe will exercise students in the use The layout of the experiment to show directly the exis-
of mathematical tools important for the analysis of quantumience of the photon is illustrated schematically in Fig. 1. Two
state vectors. We show how these tools can be used to anghotons emerge simultaneously from the down converter.
lyze a more complicated experimental apparatus, the MachOne goes to detectoryD the other goes to the beam splitter
Zehnder interferometer, as a combination of beam splitterdBS and then to detector ;Dor D,. If the photon were a
We then apply the same tools of analysis to predict the comelassical wave, it would split at the beam splitter, and some
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Fig. 1. Two photons emerge from XTL, the down converter—the incident™d- 3. When two photons from a down converter are inputs to a beam
laser beam that excites the down converter is not shown. One photon goes $8litter, there can be interference fringes in the coincidences, even though
detector 3; the other goes by way of the beam splitter BS toddD,. The the counts in each counter show no evidence of interference.

absence of coincidences between detectqraiidl D, demonstrates the ex-

istence of the photon.
Note that the Mach—Zehnder interferometer consists of

two mirrors and two beam splitters, so that once again beam
) ) ) splitters are the heart of the apparatus.
amplitude would appear in both;and D,. The experiment
consists of looking at coincidencesy®D;, Do—D;, and  p The experiments: Two-photon interference
D,—D,. The observation is that 3D, or Dy—D, will oc- . ) o
cur, but never B—D,.” The absence of p-D, coincidences The quantum nature of light is made vividly apparent

is what we mean when we say the photon exists. Clearly thwhen the apparatus is arranged so that both the correlated
beam splitter is the heart of the apparatus here. photons from the down converter simultaneously enter the

inputs of the beam splitter as shown schematically in Fig. 3.

Quantum mechanics predicts that in such a case the two pho-

tons will always arrive at the same output of the beam split-

ter, either both at Por both at B3, but never one photon at
The next experiment uses a Mach—Zehnder interferometen, and the other at P

as shown in Fig. 2. Changing the length of one arm, say by Moreover, when a phase difference is introduced between

moving mirror My, will change the phase relationship be- the two arms of the apparatus, interference fringes will occur

tween the two paths from the input to the beam splittes BS in the D,—D, coincidence counts, even though they are not

As the phase is changed, the count rate in detectowild observed in the counts observed gt@ at D, alone.

vary back and forth between some maximum and nearly

zero, corresponding to variations from constructive to deq);. WHAT DO STUDENTS NEED TO KNOW TO

structive interference. Such variations correspond to the aQjNDERSTAND THE EXPERIMENTS?

pearance and disappearance of interference fringes as in a

Michelson interferometer; therefore, in what follows we will A. Background

use the word “fringes” to refer to these variations in count Our syllabus is intended for students who have had a

rate. - ;
. . i ._three-term introductory physics course plus a one-term
To show that a single photon interferes with itself, that IScourse called “Waves and Modern Physics.” The waves

_takes both paths,_ look at @_Dl coincidences as a func- o e introduces students to the solution of the harmonic
tion of the change in phase. This arrangement guarantees thaljjaior equation, the representation of waves by complex
the observed interference fringes have built up from countg, ,nentials, Fourier analysis, and to the one-dimensional
occurring when there is only one photon in the '”terferom'Schr"cdinger equation applied to the particle in a box or to
eter. Similar fringes occur in detectopDut 90° out of phase  piecewise continuous potentials. The mathematics back-
with those in .. ground of the students is three semesters of calculus; a few
have had a linear algebra course devoted largely to basic
properties of matrices and their manipulation. Very few if

] @T BS, M, any students have had a course in differential equations.
L

C. The experiments: The photon interferes with itself

B. Matrix mechanics

Students need a good grounding in the quantum mechan-
ics of two-state systems in order to understand these experi-
ments. As part of this grounding, we will spend more time

BS, D than is customary on state vectors and matrix operators. We
D, will also examine closely systems of identical particles, es-
pecially entangled two-patrticle states that are central to our
project.
Un, Our plan is to introduce two-state systems using the polar-
ization states of photons as treated by French and

Fig. 2. The motion of the mirror Mintroduces a phase change in one arm . .
of the Mach-Zehnder interferometer. Interference fringes appear in théhe somewhat more complete treatment of LIpEkWE will

counts in Q and DB,. Detection in coincidence with Passures that there is then treat the case of the spin 1/2 pamCle’ adaptmg Feyn-

only one photon in the interferometer at the time of detection and, therefordNan’s Stem—_Geg'aCh analysisand _going on to a treatment
that a photon interferes with itself. such as Griffiths® Feynman has discussed a rich variety of
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Because of the conservation of probability, the maRix
must be unitary. This condition means that the Hermitian
adjoint R" equals the invers& !, a fact that yields useful
relationships among the elements of the matrixRofThe

BS inverse ofR, like that of any matrix, is the transpose of its
cofactor matrix divided by its determinant. Therefore,

1 r’ -t r* t*
— = . 1
rr’—tt’"\—t r t'* o' @)
Fig. 4. A schematic representation of an ideal beam splitter with input portsl_h det . t of it trix h dul f
1 and 2 and output ports 3 and 4. The amplitudes for reflection and trans- € determinant or a unitary matrix has a modulus or one, so

mission from port 1 are, respectivelyandt. The corresponding amplitudes [T’ —tt’=€'”. Because the factcg'” multiplies every ele-

for a photon entering 2 ang andt’. ment of the matrix, it will not affect relative phases between
terms, and it may be assigned a convenient value. If we
choosey=0, the factorrr ' —tt’ is just 1. By equating the

systems that can be described using22matrices, and we corresponding elements of the right- and left-hand sides of

will use some of these to familiarize students with the termi-Eq. (1), we obtain

nology, properties, and use of matrices. We also want to .

teach students how to interpret quantum situations in terms  "=F (28

of probability amplitudes in the style of Feynm&n-2 t= ! (2b)

We will emphasize the fundamental ideas that any dy- '
namical variable has a matrix representation, the eigenvalugswe rewrite these factors as complex exponentiplge'’r,
of that matrix are the only possible results of measurements’|e% | |t|e'%, and|t’|e'% and divide Eq(2b) by Eq.(2a),
of the variable, and that any state of the system can be regge optain
resented as a linear combination of eigenstates. We will need
to teach how to find the eigenvalues and eigenvectors of a  [t| . .  [t'| . .
matrix. We must also teach the idea of representing a state me = me v )
vector in terms of a basis, the idea of a complete set of states,
how to transform from one basis to another, why the matrice€quations(2) show that|t|=|t’| and |r[=]r'|, so these
of observables must be Hermitian adjoint, and what unitargerms may be canceled in E@). Then dividing Eq.(3) by
transformations are and why they are important. the right-hand side and using the fact that=¢€'", we ob-

tain

IV. PHOTONS ON A BEAM SPLITTER AS A TWO- 85— 8+ 8y — 8, =, (4)
STATE SYSTEM

as Zeilinger has showfi.

Figure 4 represents an idealized model of a beam splitter. For the common case of a beam splitter that has the same
It has two input ports and two output ports. We assume it teeffect on a beam incident through port 1 as on a beam inci-
be lossless. For photons incident through port 1, we denotgent through port 2, that is, a symmetric beam splitter,
the reflection and transmission amplitudes asidt, respec- ¢’ t=t’ and 8,— 8,= 8y — 8,,= /2, and the transmitted
tively. For photons incident through port 2, these amplitudesyave leads the reflected wave in phase %} rad. This
arer’ andt’. We simplify the analysis by assuming that phase difference introduces an important factor iofto the
these fractions are independent of the photons’ angle of inransmission amplitudes, a factor that is usually introduced
cidence or their state of polarization. with no more explanation than “unitarity implies” it.

The 50-50 symmetric beam splitter is particularly simple.
For this case not only do we have=r’ andt=t’, but now

The main point here is to recognize that the two possiblér|=|t|=|r’|=]t’|. It then follows from Eq.2) thatr must
inputs of a photon into a beam splitter can be represented &% real and must be pure imaginary. Given thiateadsr in
a two-state system. One possible input sfateis a photon  phase by#/2 rad and that the determinant’ —tt'=1, it
entering port 1; another is a photon entering port 2. Think offollows thatr =1/2 andt=i/v2. The matrixR is thert*
these as basis vector@ (and @), respectively. Similarly, we

A. Unitarity and the beam splitter matrix

choose an exit representation for the output states in which 1 1 .
(3) represents a photon exiting port 3 afil (epresents one B E i 1) ®)
exiting 4.

Described in these terms, the beam splitter performs
linear transformatiorR that convertsfin) to |out), that is,

|out>=R|in>_. To findR in thi_s r_epresent_ation, note that when As Fig. 2 shows, a Mach—Zehnder interferometer consists
the rgflectlon and_ transmission amplitudes arandt, Te- essentially of two beam splitters. The mirrors can be ignored
srpe_cnvely, for an input state O%X'_ the output state will be  pecayse their effects in their respective arms balance out.
(1) in the exit representation. A similar argument fdrand  The output is just two applications &: jouty=RR[in). It is

%. Application to a Mach—Zehnder interferometer

t’ and an input state 01‘1)1 yields made to function as an interferometer by inserting a phase
, shifter into one arm. For example in Fig. 2, the phase shifter
R:(r t ) might be just the motion of the mirror M In our output
t or')’ representation, a phase shifter can be represented as
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e 0 If phase shifters are placed in the arms of the interferom-
—( ) (6) eter and the output photons are detected in coincidence, an
0 1 interference pattern will be observed in the coincidences
Then a Mach—Zehnder interferometer is even though none is observed in the counts of the individual
e . detectors. Greenberger, Horne, and Zeilitggive a good
11 e® 0yl explanation of the essential features of such two-photon
louty=RPR[in)==| . . exp . P
2\i 1/\o 1/\i 1/\0 interference, and Louddh gives a thorough treatment
using the formalism of creation and annihilation operators.
We leave for another paper the discussion of our pedagogical
_ approach to presenting this material to our students.
=ie'¥?2 , Two-photon coincidences can provide a dramatic example
cosf of the quantum effect of indistinguishability. The analysis is
2 also a good applicationlénf Feynman'’s rules for working with
from which it follows that the probabilities for being in exit Probability amplitudes:™® For the setup shown in Fig. 3,
ports 3 and 4 are there are only two ways that coincidences betwegnabd
D, can occur. Either each photon reflects at the beam splitter
sinz(f) or each photon passes through it. The amplitude for two
2 reflections and two transmissionsrisandtt, respectively. If
o\ | (7)  the two path lengths through the apparatus are different, then
_) rr is physically distinguishable frortt, and the probability
2 that there will be counts in bothDand D, is |rr|?+|tt|?
Interference fringes corresponding to these probabilities oc=1/2, the sum of the squares of the amplitudes of the two
cur as¢ is varied. distinguishable cases. But when the path lengths are made
equal, the events andtt become indistinguishable, and the
probability is then the square of the sum of the individual
amplitudes:|rr +tt|2. For a symmetric beam splitter=1,
t=i, andrr +tt=1—1=0. There is no amplitude for coin-

As noted above, our experimental setup is designed t§idences between Dand D,. The effect is seen
introduce two photons into the apparatus at the same tim@XPe“mema||§7 as the appearance of a sharp minimum in
We consider the case for which the incident photons are ithe coincidence rate as the interferometer arms are adjusted
identical polarization states. There then result two-photon int0 be of equal length. o o
terference effects that can 0n|y be exp|ained by quantum AS.nOted, this result is for |nC|de_nt phOtonS in identical
mechanics. polarization states. When we take into account other polar-

To describe the states of a two-photon system, we wilization states, a new and interesting possibility emerges.
draw on the students’ earlier introduction to composite sys-
tems. They will have seen that the state of an assembly of
noninteracting particles can be described as the product A~
the states ofgthpe individual particles. For photons Fl)eaving ;6 - Polarization
beam splitter these states can be labeled in terms of the out- gecause it can have either of two independent modes of
put port and the particle number. We denote particle 1 leavpoarization, a single photon is itself a two-state system. For
ing port 3 as|3;), particle 2 leaving port 4 ag,), and SO example, with appropriate polarizers a photon can be put into
on. Obviously there can be just four distinct product statesg state of vertical polarization\V), or horizontal polariza-
Students will have seen t_ha_lt out qf linear combinations Oftion, IH). These states constitute a basis, and any general
these four product states, it is possible to construct four mungarization state can be expressed as a linear combination of
tually orthogonal states that have a definite symmetry undqm and|V). An arbitrary two-photon polarization state can
the exchange of two particles: then be described in terms of four product states that are the
. exact analogues of the spatial states described b .
131)[32) (@) Exchange symmetric, both These can t?e obtained frgm E®) by replacing port):(];ﬁrﬂ-

photons exit port 3. bers 3 and 4, respectively, with V and H.
1 (b) Exchange symmetric, one ,Ib_\tcompletg de'scripyio? of the ftwk?—photon stateosI of a bfez?lm
E[|31>|42>+|32>|41>] photon exits port 3, the other splitter can be given in terms of the sixteen products of the

¢
sin

(ououty=

0052(

C. Two-photon interference

port 4 ) four ;patial states with the four polarization states. The.se

' constitute a complete set of orthogonal states for describing
|4,)|4,) (c) Exchange symmetric both two particles ir_l a beam splitter'. Because phot_ons are bosons,
photons exit port 4. the only possible states are linear combinations of the ten
states that are symmetric under the exchange of the particle
1 (d) Exchange antisymmetric, one labels. Nine of these states are products of the exchange
g 121 18T photon exits port 3, the other B S e tates yielis o photon i wach
port 4. . yields a photon in eac

output channel. For six of the states, this null result is be-
If we replace output port numbers 3 and 4 with input portcause the spatial part of the state vector is eitBgy|3,) or
numbers 1 and 2, respectively, we obtain the analogous fou#1)|4,) that is, two photons leaving by the same output
equations for the input states. port. The other three states have W2)[|31)|4,)
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V. CONCLUSIONS

Development of the first experiment is under way, and we
are preparing instructional materials to foster student under-
standing of the experiments. The module on beam splitters
described here is ready to be tried in our quantum mechanics
course. We have also begun a module on Bell’s inequalities
that has been used twice in the classroom. Further develop-
ment of that module is continuing along with the develop-
ment of modules on the quantum eraser and on two-photon
interference.

Dy

Fig. 5. A Mach—Zehnder interferometer with polarizing beam splitters,
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EXISTENCE OF ATOMS

“I Don't believe that atoms exist!”

This blunt declaration of disbelief came, in fact, in January 1897 at a meeting of the Imperial
Academy of Sciences in Vienna. The skeptic was Ernst Mach, not quite 60 years old, whp had
been for many years a professor of physics at the University of Prague and who was now a
professor of history and philosophy of science in Vienna. He pronounced his uncomprormising
opinion in the discussion following a lecture delivered by Ludwig Boltzmann, a theoretical physi-
cist. Boltzmann, a few years younger than Mach, had likewise recently returned to Vienng after
many years at other universities in Austria and Germany. He was an unabashed believer| in the
atomic hypothesis—indeed, his life’s work had centered on that single theme.

Davie Lindley,Boltzmann's AtonfThe Free Press, New York, NY, 200Page 1 of the introduction.
Submitted by Louise Moll Claver.
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