
P H Y S I C A L R E V I E W L E T T E R S week ending
23 MAY 2003VOLUME 90, NUMBER 20
Geometric Phase Associated with Mode Transformations
of Optical Beams Bearing Orbital Angular Momentum
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We present direct measurements of a new geometric phase acquired by optical beams carrying orbital
angular momentum. This phase arises when the transverse mode of a beam is transformed following a
closed path in the space of modes. The measurements were done via the interference of two
copropagating optical beams that pass through the same interferometer parts but acquire different
geometric phases. The method is insensitive to dynamical phases. The magnitude and sign of the
measured phases are in excellent agreement with theoretical predictions.
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Direct measurements of the geometric phase in optical
mode transformations have remained elusive until now

the sphere are obtained using astigmatic mode converters
[10]. A ‘‘�-converter’’ introduces a phase � between the
Optical beams bearing orbital angular momentum
(OAM) have been recently recognized as potential sys-
tems for doing N-bit quantum computation [1–3]. This
is possible because these light beams can encode a large
number of OAM states in the phase structure of the beam.
This is in contrast to polarization states of light, which
are inherently binary (e.g., right and left circular polar-
ization). Quantum computation with OAM-bearing
beams will require the generation, transformation, and
detection of OAM states [4]. Furthermore, a geometric
phase, or Berry’s phase [5], has been identified as a
potential means of doing quantum computation [6,7]. A
geometric phase acquired by an optical beam depends on
the geometry of the path followed by the beam. This path
may be in configuration space (spin redirection phase)
[8], polarization state space (Pancharatnam phase) [9]
or, as shown here, in mode space. Because of its depen-
dence on a sequence of transformations and not on the
optical path length, geometric phase is a much more
robust phase, insensitive to vibrations and other mechani-
cal effects [6].

In 1992, a study of the OAM of Gaussian beams in
high-order modes brought forth a method to perform
transformations between two families of modes [10].
Laguerre-Gauss (LG) and Hermite-Gauss (HG) modes
follow from solutions to the paraxial equation in cylin-
drical and rectangular coordinates, respectively [11].
Modes LG‘

p with radial index p and azimuthal index ‘
carry an OAM of ‘ �h per photon. Modes HGnm (TEMnm)
do not carry OAM. The order of these modes is given by
N � 2p� j‘j � n�m [12]. The mode transformers use
astigmatic lenses to insert unequal Gouy phases to trans-
former’s eigenstates, similar to the way a wave plate
introduces a phase between its polarization eigenstates.
The possibility of a geometric phase arising from mode
transformations was first proposed by van Enk [13]. More
recently, evidence of a geometric phase in mm waves with
nonideal mode transformers has been reported [14].
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because these measurements rely on the interference
of the mode-transforming beam with a reference beam.
Dynamical phases produced by rotating astigmatic mode
transformers make the interferograms critically sensitive
to the alignment of these components. In this article we
present the first direct measurements of this geometric
phase using a new technique described below.

Mode transformations can be understood analytically
using matrix algebra [15,16]. For example, a minimal
sequence of three transformations T that take the input
mode  through two intermediate steps and back to its
initial state can be represented by

T � ei� ; (1)

where the total transformation can be decomposed into a
product of transformations T � T3T2T1. In general, the
phase of the final state differs from that of the initial state
by � � �d ��g, where �d and �g are the dynamical
and geometric phases, respectively. If only the topology
of the path is altered, then only �g varies.

One of the advantages of geometric phase is that in
many cases it can be analyzed purely geometrically,
which adds simplicity to the problem. The ‘‘orbital’’
Poincaré sphere has been proposed as the geometrical
construction to represent the space of first-order modes
[17], and its structure has been shown to possess SU(2)
symmetry [18]. In analogy to the space of states of
polarization, points in the eastward direction along the
equator of the sphere (Fig. 1) correspond to HG modes of
orientations that rotate clockwise [19]. The North and
South poles of the sphere correspond to the LG�1

0 and
LG�1

0 modes, respectively. Points of equal phase in a
LG�1

0 (LG�1
0 ) beam form a right-handed (left-handed)

corkscrew spiral along the direction of propagation.
Equivalently, the phase of the wave on a transverse plane
advances counterclockwise (clockwise).

Mode transformations involving a change in latitude on
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FIG. 1. Orbital Poincaré sphere for first order modes.
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HG-mode eigenstates of the converter, which are antipo-
des on the sphere. Via the SU(2)-SO(3) homomorphism,
unitary mode transformations correspond to rotations on
the orbital Poincaré sphere. If we represent the HG10 and
HG01 modes as the eigenstates, jHG10i � �1 0�T and
jHG01i � �0 1�T , then the �-conversion matrix given by
[16]

C��� �
�
e�i�=2 0

0 ei�=2

�
(2)

corresponds in the Poincaré sphere to a left-handed rota-
tion by � about the eigenvector of the transformation
with eigenvalue exp�i�=2�, which in this case is HG01.
Experimentally, the device that exerts this type of con-
version uses a pair of cylindrical lenses with their focal
lines parallel. We will hereafter refer to this direction as
the principal axis of the converter (‘‘PA’’ in Fig. 2). This
axis is also the phase inversion symmetry axis of the HG
mode that is an eigenvector of the converter. For the case
of the HG01 mode this corresponds to the horizontal axis.
We describe converters in other orientations by rotations
of the matrix given by Eq. (2),
FIG. 2 (color). Schematic diagram of the experimental setup f
formations associated to the path ABCA in Fig. 1.
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C��;�� � R����C���R���; (3)

where R��� is a 2� 2 unitary rotation matrix [15,16].
Thus, an � > 0 rotation moves the converter eigenvector
westward on the sphere. In the laboratory this corre-
sponds to rotating the principal axis of the converter
counterclockwise by the same amount.

Consider the set of transformations involved in the
path ABCA of Fig. 1. We break the path into three sec-
tions: AB, BC, and CA. The paths AB and CA are �=2
transformations produced by well known �=2-converters
[12]. The matrix for the conversion in path AB is TAB �
C��=2;��=4�. It converts the LG�1

0 mode [jLG�1
0 i �

2�1=2�1 i�T] into the HG01 mode, involving an exchange
of OAM of �h between the light and the optical system.
The converter providing this transformation has its prin-
cipal axis rotated clockwise 45	 from the horizontal (see
Fig. 2), with eigenvector 2�1=2�1 1�T [20]. Path BC is a
rotation by �, described by TBC � R���. The return path
CA corresponds to the �=2 conversion described by
TCA � C��=2; �=4� ��. This returns the mode of the
beam to the LG�1

0 mode, and restores OAM to the
beam. Since these transformations involve geodesics on
the Poincaré sphere they do not introduce any dynamical
phases [21]. Therefore, we can set �d � 0 for simplicity.
After algebraically simplifying the total transformation
matrix TABCA � TCATBCTAB, we find that it is a rotation
matrix. This is a simple and elegant result that arises only
for initial states that are pure OAM eigenstates. As ex-
pected, diagonalizing it gives eigenvalues exp��i�� and
exp�i�� and eigenvectors LG�1

0 and LG�1
0 , respectively

[16]. Thus, from Eq. (1) with T � TABCA and  � jLG�1
0 i

we get that the geometric phase is �g � � [22]. In anal-
ogy to Pancharatnam phase, the geometric phase is given
by �g � ��=2, where � is the solid angle enclosed by
the path [17]. Thus for the path ABCA of Fig. 1 the
geometrical picture also predicts �g � �.

The procedure in these experiments was to introduce a
geometric phase on a LG�1

0 beam, change it, and measure
it via interference with a reference LG0

0 (TEM00) beam.
However, it is very difficult to perform this experiment if
the two interfering beams travel different physical
paths. As described below, one of the �=2 converters
has a pair of cylindrical lenses that must rotate. Slight
or inserting a variable geometric phase via the mode trans-
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FIG. 3 (color). False color images of (a) LG�1
0 mode, (b) LG0

0
mode, and the interference between them: (c)–(f) after intro-
ducing a dynamical phase to the LG0

0 beam and (g)–(l) in a
different experiment, when the LG�1

0 mode acquired a geomet-
ric phase �. (m) A graph of the phase extracted from a set of the
interferograms for paths ABCA (circles) and ABDCA (squares)
as a function � and linear fits to the data (lines).
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misalignments in the positions of the center of the cylin-
drical lenses with respect to their rotation axes result in a
deflection of the beam, introducing dynamical phases
that overwhelm the geometric phases involved. Our solu-
tion to this problem was to send the reference beam
through the mode transformers collinearly with the
LG�1

0 beam. Since the LG0
0 mode is the only one in its

mode space it does not get modified by a sequence of
mode transformers [12]. Any dynamical phases present
are introduced to both beams and are therefore effectively
canceled out.

A simplified diagram of our experimental setup is
shown in Fig. 2. It consisted of a light source, a Mach-
Zehnder interferometer, a sequence of mode transform-
ers, and a beam imaging system. The light source was a
Gaussian beam from a 5-mW HeNe laser in a LG0

0 mode
with vertical linear polarization. It was sent to a charge-1
forked binary diffraction grating, which was computer
generated, printed, and photoreduced [23]. We oriented
the grating with its fork ‘‘handle’’ pointing up, as shown
in Fig. 2. In the top path of the interferometer shown in
the figure we used an iris to allow only the zero order (i.e.,
in the LG0

0 mode) to go through. The mirror in this arm
was mounted on a piezo stack (labeled ‘‘P’’ in Fig. 2) to
change the interference by deliberately adding a dynami-
cal phase to one of the beams. In the lower arm of the
interferometer an iris blocked all diffraction orders ex-
cept for the first order on the left-hand side of the zero
order, which was in the LG�1

0 mode. The interferometer
had nonpolarizing cube beam splitters, with the second
one positioned to make the two beams collinear. A tele-
scope located after the Mach-Zehnder interferometer
(not shown) adjusted the radius of curvature of the phase
front to simplify mode matching.

Each of the two �=2-converters consisted of a pair of
parallel cylindrical lenses of focal length f � 50 mm
separated by a distance d �

���
2

p
f. These lenses were

between a pair of spherical lenses (f � 470 mm) to pro-
vide the mode matching condition [12]. The second con-
verter had its cylindrical lenses mounted on a rotation
stage that allowed its axis and the position and axial
orientation of the cylindrical lenses to be independently
adjusted. The rotator was a pure image rotator made of
two Dove prisms in series.When the transverse symmetry
axis of the first (second) Dove prism was turned an angle
�=2 ( � �=2) the incident image was rotated by �. The
beam profile of the output beam was recorded with a
charge-coupled device (CCD) camera connected to digi-
tizing hardware and software.

Figure 3(a) shows a profile of the LG�1
0 mode after

experiencing the two differential wave front rephasings
that the path ABCA entails. It displays the ‘‘doughnut’’
profile that is characteristic of OAM eigenstates. The
profile of the LG0

0 beam after going through the system
is shown in Fig. 3(b). The profile of each beam was taken
after blocking the other beam in the Mach-Zehnder
interferometer. When both beams were unblocked they
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formed an interference pattern that consisted of a broad
peak on the rim of the doughnut at the azimuth angle
where the two beams were in phase. At the opposite end of
the doughnut the beams were out of phase, so the overall
pattern had an oval shape with an off-center maximum. A
simulation of this pattern is shown in the inset of Fig. 2.
We could verify the phase dependence of the pattern
of Fig. 3(a) by introducing a dynamical phase between
the two beams. This was done by varying the voltage on
the piezo VP. By decreasing VP we increased the optical
path length of the LG0

0 beam relative to the LG�1
0 beam.

This advanced the phase of the LG�1
0 mode relative to the

LG0
0 mode, making the interference maximum rotate

clockwise after the second �=2 converter, but because
there was a mirror (not shown) between the latter and the
camera, the recorded maximum rotated counterclock-
wise. Figures 3(c)–3(f) show a sequence of patterns for
different values of VP (d�d=dVP � 54�2� degrees=V).
These are consistent with the expected phase structure
of LG�1

0 and with the profile of Fig. 3(a).
As discussed earlier, if we rotate the first Dove prism by

�=2 and the second �=2-converter by � (with VP � 0)
such that the first-order mode of the beam follows the
path ABCA in Fig. 1, this should introduce a geometric
203901-3
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phase �g � �. Indeed, the data set of Figs. 3(g)–3(l)
shows that as � was increased the maximum in the
interferograms as recorded by the camera moved counter-
clockwise, consistent with the phase of LG�1

0 increasing
relative to that of LG0

0. We took several data sets and
found the accumulated phase to be consistent and robust.
Figure 3(m) shows a complete data set (circles) taken for
increments of � of 10	 over a 360	 range. The relative
phase between the two beams was obtained by measuring
the azimuth angle of the maximum of the pattern. This
angle was taken as a measure of the phase. As shown in
the figure, the measured angles showed a linear depen-
dence with �. A least squares linear fit to the data gave
�g � �0:99� 0:01��� �42� 2�	. The slope’s magnitude
and sign are in excellent agreement with the prediction.

We chose path ABCA to demonstrate the geometric
phase via wave front rephasing in a path where the inter-
mediate states were not LG eigenstates. A second
measurement involved the path ABDCA of Fig. 1. Experi-
mentally, we used the same method as before. After the
Mach-Zehnder interferometer, a fixed �-converter con-
sisting of a pair of parallel cylindrical lenses (f �
50 mm) separated by d � 2f transformed the LG�1

0
mode into a LG�1

0 mode [jLG�1
0 i � 2�1=2�1 � i�T] fol-

lowing the path ABD, with TABD � C��;��=4�. This
corresponded to an OAM exchange of 2 �h. Past the first
�-converter, a second rotatable �-converter returned the
mode to the initial state via the path DCA, with TDCA �
C��;�=4� ��, restoring the OAM to the beam. The
predicted geometric phase for this closed path is �g �
2�. This is consistent with a solid angle enclosed by the
curve, which is twice that of the previous case. As before,
a measurement of the orientation of the interference
pattern as recorded by the camera gave a measure of
the phase of the LG�1

0 beam relative to the LG0
0 beam.

A least squares linear fit to the data, shown in Fig. 3(m)
(squares), gave �g � �2:00� 0:01��� �43� 2�	, in ex-
cellent agreement with the prediction. The error bars for
these data were smaller than the symbols.

Since OAM eigenstates have a phase structure of the
form exp�i‘’�, with ’ being the transverse angular co-
ordinate, any phase-shifting transformation is a rotator.
Using an image rotator such as a pair of Dove prisms
would also introduce a geometric phase, but via spin
redirection phase [8]. As the light passes through the
Dove prisms, these change the direction of the light
spin such that it describes a closed path in configuration
space [24], thus resulting in a geometric phase. Previously
measured frequency shifts resulting from the rotation of
OAM-bearing microwave beams using Dove prisms are a
result of such an evolving geometric phase [25].

In conclusion, we demonstrated that mode transforma-
tions of higher-order Gaussian beams bearing OAM lead
to a new optical geometric phase. The experimental re-
sults are in excellent agreement with the theoretical de-
scription. We also showed that dynamical phases can be
203901-4
eliminated in the measurement of the geometric phase by
sending the beam with the mode of interest together with
the reference beam collinearly through the optical sys-
tem. These experiments can also be performed with a
reference beam in a mode other than the LG0

0 mode, in
which case the geometric phase of the reference beam
will also need to be accounted [26]. This method is robust
and may find applications in new forms of quantum
computation. All of these geometric phases arose from
transformations involving a change in the OAM of the
modes. They support the conjecture that geometric phase
arises from the exchange of angular momentum between
the light and the optical system [13].
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